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Introduction

HE geometry of rotations is critical to the analysis of diverse

problemsrangingfrom the motion of celestialbodiesto the dex-
terous manipulation of objects subjectto nonholonomicconstraints.
In a number of these problems, the use of orientation coordinates
such as Euler angles' and Euler parameters' becomes necessary
since angular velocities are nonintegrablein nature.”> Though angu-
lar velocities fail to provide a proper choice of orientation coordi-
nates, their nonintegrable nature provides greater control authority.
Ithas been shown in recentyears, for example, that complete recon-
figuration of a rolling sphere in five dimensions is possible using
only two angular velocities as control inputs.®~>

From our own research’ on reconfiguration of the rolling sphere,
it becomes clear that a certain sequence of rotations about axes con-
fined to the horizontal plane is equivalentto a single rotation about
the vertical axis. For the sequences proposed,’ the point of con-
tact between the sphere and the ground traces spherical triangles &7
Though these results were obtained for a rolling sphere, they apply
to general rigid body rotation. Also, closed curves on the sphere
need not be restricted to spherical triangles; they can be lunes® or
other spherical polygons *

The primary contribution of this Note lies in the use of spherical
trigonometry for establishing a fundamental relationship in rota-
tional kinematics, stated also by the Gauss-Bonet theorem’ of par-
allel transport. The theorem essentially states that a rolling sphere,
which depicts the rotational motion of a rigid body constrained
to rotate about axes that are confined to one plane, undergoes a net
change in orientation about the axis perpendicularto the plane when
its point of contact traces a spherical polygon. The amount of ro-
tation is equal to the solid angle enclosed by the polygon and the
direction of rotation depends on the direction in which the poly-
gon is traced. This result and its mathematical exposition reinforce
the connection between spherical trigonometry and rotational kine-
matics, which has been pointed out in earlier works.!* Apart from
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#In the spirit of the common terminology “spherical triangle,” we define
a “spherical polygon”as a closed curve on the surface of a sphere comprised
of multiple segments wherein each segment is an arc of a great circle.

rotational kinematics, the resultis also useful for other applications.
For example, it helps us to us resolve the problem of image registra-
tion with space telescopes when they are pointed from one direction
sequentiallyto other directions and back to the original direction, to
generate an image of an extended region. The axis of the telescope
traces out the edges of a spherical polygon on the infinite sphere
when it is returned to its original pointing direction. To avoid the
problem of image registration,one has to compensate for rotation of
the telescope about its own axis, equal to the solid angle subtended
by the traced spherical polygon.

Review of Spherical Trigonometry

A circle generated by a plane passing through the center of a
sphere is a great circle. The angle on the sphere formed by inter-
secting arcs of two great circles is a spherical angle. The portion of
the spherebounded by arcs of three great circlesis called a spherical
triangle. Consider the sphericaltrianglein Fig. 1, whose verticesand
spherical angles are P, O, R and A, B, C, respectively.Let a, b, ¢
denote the angles subtended by the arcs QR, RP, P Q at the center
of the sphere. The important relations for the spherical triangle®~#
are given by the law of sines,

sina/ sin A =sinb/ sin B = sinc¢/ sinC (1)

the laws of cosines for sides,

cosa = cosbcosc + sinbsinc cos A 2)
cosb =cosccosa + sincsina cos B 3)
cosc =cosacosb + sina sinb cos C @)

and the laws of cosines for angles,

cos A = —cos BcosC + sin BsinC cosa (5)
cos B = —cosCcos A + sinC sin Acosb 6)
cosC = —cos Acos B + sin A sin B cosc¢ @)

Some useful relationships that can be derived®~® from the laws of
cosines for sides are

sinA cosb =sinC cos B + sin BcosC cosa (8)
sin B cosc =sinA cos C + sin C cos A cos b 9)
sinC cosa = sin B cos A + sin A cos B cosc (10)
sina cos C = sinbcosc — sinc cosb cos A (1)
sinbcos A = sinccosa — sina cosccos B (12)
sinccos B =sinacosb — sinbcosa cos C (13)
sin A cosc =sin B cosC + sinC cos B cosa (14)
sin Bcosa =sinC cos A + sin A cos C cosb (15)
sinC cosb =sin Acos B + sin Bcos A cosc (16)

The area of a spherical triangle can be mathematically expressed as
A =Er?,

EA(A+B+C-n) a7

>
R
&QL&BA

&/

Fig.1 Spherical triangle.




J. GUIDANCE, VOL. 23, NO. 4: ENGINEERING NOTES 747

where A is the area of the triangle, 7 is the radius of the sphere, and
the sphericalexcess, E, is the solid angle subtended by the spherical
triangle.

Rotation Induced by Spherical Triangles
Transformation Matrix

In this section we compute the rotation of the sphere in Fig. 1
when it rolls on the horizontal plane in a manner that its contact
point traces a spherical triangle. Without any loss of generality, we
assume the sphere to be initially located at the origin of the xyz
frame in Fig. 2, with point Q in contact with the ground. To roll
along the spherical triangle, the sphere is first rolled by angle a in
the direction that brings the point of contact to R. Without loss of
generality, let this direction be along the negative y axis. In the next
step the sphereis rolled by angle b, in the direction oriented (x — C)
counterclockwise to the negative y axis. This brings the point of
contactto P. Finally, the sphererollsangle c in the directionoriented
(m — A) counterclockwiseto the previous direction of rolling. This
brings the contact point back to Q.

It is clear from Fig. 2 that the path traced by the sphere on the
groundis notaclosed path. However, the net translationof the sphere
isnotthe subjectofinvestigationhere. We investigatethe netrotation
of the sphere, which is comprised of the sequentialrotations 1) angle
a abouti, 2) angle b about[—cos Ci + sin Cj], and 3) angle ¢ about
[cos(A + C)i — sin(A + C)j], where i, j, k, are unit vectors along
the x, y, z axes. By adopting the notation S,, C, to denote sin *,
cos %, the transformationmatrix representing the above sequence of
rotations can be expressed as

gy T i3
A
R=\ry rn 1y (18)

31 I3y 133

where r;;, i =1, 2,3, j =1, 2,3, after preliminary simplification,
can be expressed as follows:

riy = C.CA + C,C.S% + S.CcS48,Sc + S.C4S,S>

+(1 = C)(CaCc — S48c)[CeS2C, — C,C25c S,

+CLC, = C,S2S4] (19)
rip = =C.CcSe + C,CCeSc + S.CaCcSySc — S:548,S2

—(1 = CH(CcS4 + CASC)[SgCACC — CyCESaSc

+C,yCl = C,S28,] (20)
iy =—C.S,Sc + S.[CeSy + CaCySc] 1)
ra = 8.(=C,CcS,Sa + C,C284S, — C4C, S, Sc

+C,CaCcS,Sc) + C[=Cu(1 = C,)CcSc + S,8,5¢]

+(1 = CH(CaCc = S48 (CaCe = SaSc)

X[=Co(1 = Cp)CcSc + SaSpSc] = (S4Cc

+ CaSA[CuCy + S,8,Ce + Cu(1 = C)SE ]} (22)
y
\Q
Q x
Fig. 2 Motion of the sphere in
Fig. 1 generated by the spherical
triangle ORP.
A
¢ P
R

rn = S.(=CsC,CcS, + C,C4CLS, + C,S,54S¢
—C,Cc848,8¢) + C[C.Cp + Cc S, S, + Cu(1 = Cy)S2]
—(1 = C)(CySc + S4CH{(C4Cc = S45¢)
X[=C,(1 = C,)CcSc + 8,5,5¢] = (S4Cc + CaS)[C.C,
+5,8,Cc + Cu(1 = Cy)S2]} (23)
Fay = Co(S,Cp — CuSpCe) + S.[C.C,C1Cc + S,8,Ca
- C,5,5¢] (24)
rs1 = S.(=C,C,Cc Sy — 8,85,C284 — C,C,CaSc
— 5,8,C4ScCc) + Cl(1 = C,)SuScCe + C,SySc]
+(1 = C)(CyCe = S4S){(CACc — S45¢)
X[(1 = C)S,ScCc + C,S,Sc] = (S4Cc + C4Se)[=S.C,
+C,8,Cc — (1= C,)S, 82} (25)
r = S.(=C,C,CoCc = 8,8,CAC2 + C,C,S4Sc
+5,8,8,5:Cc) + C.[=S.C, + C,8,Cc — (1 = C,)S, S2]
—(1 = C)(S4Cc + CuSH{(CaCe
= SaSe)[(1 = €)SuScCe + CuS,Se) = (SaCe
+CaSc)(=S,Cp + C,S,Ce — (1 = C,)S, 82} (26)
Fi3 = C(CoCp + 5,5,Cc) + S.(=8,C,CoCe + C,S,Ca
+5,5.50) 27

Simplification Using Spherical Trigonometry
First, consider the term 7|3 in Eq. (21). It can be simplified using
Eq. (9) as follows:

ri3 = —=C.8pSc + S.C.Sp
Using Eq. (1) it can then be shown to be equal to zero,
i3 = —=C.S,Sc + S¢C.S, =0 (28)

Next, consider the term 7,3 in Eq. (24). Use Eq. (13) to simplify
the first two terms,

3 = S('[C('CB + CquCACC + SquCA - CuSA SC]

Use Egs. (6) and (4) to expand the first and second terms, respec-
tively, and then simplify,

ry3 = S.Sc[C.CpSy + S,5,C4Sc — C,S4]
Expand the first term using Eq. (2) and cancel terms,
ry3 = 8pS.ScCul[=S.S4 + S,S¢]
Finally, use Eq. (1) to arrive at
ro3 = 8,8cScCal=ScSa + SaSc]1 =0 (29)

Since the rows and columns of R in Eq. (18) are orthonormal, it
immediately follows that

r3 = 1.0, r3 =0, rp =0 (30)
From the values of r13, 123, 31, F32, 133, itis clear that R in Eq. (18)

is representative of a pure rotation about the z axis. To determine
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the amount of rotation, we first simplify the term r|; in Eq. (19).
Using Eq. (6), we get

riy =C.Ct + C,C St + S,CcS48,Sc + S.Cy S, S2
- C/;(l - Cr)(CACC - SASC)

Expand using Egs. (7) and (16),

riy =C.C: + C,C St + S,CcS48,Sc + S.Cy S, S2
—CpCyCc + CpSySc + C.Ce[S4S5C. — Cc]

- C,Sc[ScC, — CyS5C.]

Cancel terms and group the rest of the terms together,
iy =8,8:8c8Su+c) = CpCascy + CESBS(A +0C)

Use Eq. (1) to rewrite the first term. Simplification leads to the
following final expression for ryy,

2 2
ry, = SBS(.S(A+C) - CBC(A+C) + CrSBS(A+C)

=SBS(A+C)_CBC(A+C) =_C(A+B+C) (31)

Using Egs. (2) and (6), the term r, in Eq. (20) can be simplified
to

rip = —=C.CcSe + C,CcSc — 5:8548,5%
+Cp(1 = C)(CcSa + CySc)

Expand the terms in parentheses,

rio ==C.CcSc + C,CeSe — S:848,S + CpCcSy + CCaSc
= CCpCcSy = C.CpCySc

Group the first and last terms using Eq. (7) and expand the second
term using Eq. (10),

T = —C(Z,SCSAS,, + CcCySp — S(.SASng
+CpCcSy + CpCyuSc

Group the second and last terms and use Eq. (1) to rewrite the third
term. On simplification, r;, takes the final form,

Ty = _C(Z-SCSASB +CaSrc)— S(Z-SASBSC + CpCc Sy
=CaS+c) —SaSpSc + CpCcSs =Sa+8+0) (32)

Using the orthonormal property of the rows of R, the remaining
entries can be argued to be

I =_S(A+B+C)s &) =_C(A+B+C) (33)

The above simplifications establish that the rotation matrix in
Eq. (18) has the form

—Cia+p+0) Sca+B+0) 0 Ce =S¢ 0
R = _S(A+B+C) _C(A+B+C) 0] =1\ Se Cg 0
0 0 1 0 0 1

(34)

where E, defined in Eq. (17), is the solid angle subtended by the
sphericaltriangle. As mentioned earlier, the matrix in Eq. (34) corre-
sponds to pure rotation about the vertical axis. This is not surprising
since the pointon the spherein contact with the groundbeforerolling
is the same as that after rolling. Also, the direction of rotation, for
the path considered in Fig. 2, is along the negative z axis. The path
in Fig. 2 is left-handed since the sphere always turns left, as viewed
by an observer inside the sphere. It can be shown that the sphere
rotates about the positive z axis for right-handed paths and about
the negative z axis for left-handed paths.

Generalization to Spherical Polygons

In this section we first show that the results obtained in the pre-
vious section apply to lunes.® A lune, shown in Fig. 3, is a closed

Q

Fig. 3 Lune and its image on the ground.

curve generated by arcs of two greatcircles. The two angles of inter-
section of the arcs, which are necessarily equal, are denoted A. The
length of the arcs are also the same and equal to half the circumfer-
ence of the great circle. As in the previous section, we assume that
the sphere is initially at the origin with point Q in contact with the
ground. It rolls angle 7 about the x axis to bring point P in contact
with the ground. Subsequently, it changes direction (7 — A) coun-
terclockwise and rolls angle 7. At the end of this motion, point Q
is again in contact with the ground. The net rotation of the sphere
can be described by the rotation matrix

Ca =54 O
R = S2A C2A 0 (35)
0 0 1

which is equivalent to a rotation by angle 2A about the negative z
axis. Indeed, the solid angle subtended by the lune is 2A, and the
path traced by the sphere is left-handed.

The results in the previous section can be extended to spherical
polygons by showing that an arbitrary polygon can be generated by
a combination of lunes and spherical triangles. The net rotation of
the sphere, as it traces the spherical polygon, can be expressed as
the sum of the rotations due to the individual lunes and triangles.
Of course, the rotation associated with each lune and triangle will
be positive, or negative, depending upon whether the path is right-
handed, or left-handed.

Conclusion

We use spherical trigonometry to prove the Gauss-Bonet
theorem,” which states essentially that the net rotation of a sphere
rolling along a closed path on its surface, comprised of arcs of great
circles, equals the solid angle subtended by the path. The mathe-
matical expositionof this result strengthens the connectionbetween
rotational kinematics and spherical trigonometry.
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Finite Element and Runge-Kutta
Methods for Boundary-Value
and Optimal Control Problems
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Politecnico di Milano, 20158 Milan, Italy

Introduction

E consider a class of finite element in time (FET) and

some implicit Runge-Kutta (RK) schemes for the solution
of boundary-valueproblems. FETs have been recently advocated as
a new way of solving this class of problems, with particularempha-
sis on optimal control problems (for example, see Ref. 1 and the
references therein). The finite element method develops solutions
discretizing appropriate weak forms of the equations that describe
a given problem. On the other hand, the RK method directly dis-
cretizes the governing ordinary differential equations (ODEs). Al-
though the two approacheslook different, in this work we prove that
the discreteequationsarising from the class of FETs here considered
are linear combinationsof the equations generated by some implicit
RK schemes and that the FET unknowns are linear combinations
of the RK unknowns within each time step. Under these circum-
stances, this means that the two approaches are in reality the same
method that yields identical numerical solutions and, hence, enjoys
the same numerical properties. The analysis is valid for the p ver-
sion of the method, that is, for arbitrarily high order. Similar results
were derived in Ref. 2 for initial-value problems. That work is here
extended to cover the case of boundary-valuedifferential-algebraic
problems.

RK methods are probably the best understood and most widely
studied family of integration schemes, which makes them a mature
and trusted technology with extensive applications to the class of
problems here considered. FETs are less widely known, but their
application to certain problems leads to strikingly simple solution
procedures, for example, in the case of optimal control > Our hope is
that the proof of equivalence here offered might help close the gulf
existing between practitioners using the two methods. We believe
that additional insight can be usually obtained by a unified view,
and we are, therefore, not suggesting to abandon one approach in
favor of the other. Furthermore, some developments, for example
a posteriori error estimation for adaptive mesh control, might be
easier to accomplish in one framework rather than in the other.*

Boundary-Value Problems

We considera generic boundary-valueproblem, defined by a sys-
tem of first-order ODEs

y=8(y.z1) (1a)
If algebraic constraints of the form
a(y,z,t) =0 (1b)

are also present, we have an index-one differential-algebraicequa-
tion (DAE) problem. In Egs. (1a) and (1b), () =d /dz, y € RY,
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ZER? t€R, g:RY XR? XR— RY, and a: RY XR? XR— RZ,
I =[0, T] is the time domain. Suitable boundary and additional
constraint conditions are given as

Cly(0),y(T), T1 =0 (1)

This format covers a wide range of applications, in particular opti-
mal control problems with or without unknown terminal time and
path constraints. Minor modifications allow treatment of problems
with interior point constraints, possibly at unknown intermediate
times, and multiphase problems (see Ref. 4 and references therein
for details).

We partition I accordingto 0 =t; <, < --- <ty4+; =T andlet
h,:=t, 1 —t,. We consider global methods, that is, methods that
producean approximatesolutionrepresentationover the entireinter-
val of interest. In the terminology of the finite element method, these
procedures assemble the equations over the whole interval. Alter-
native strategies are based on the solution of corresponding initial-
value problems, for example, shooting and related techniques.

RK Methods

The g-embedding method® for an s-stage RK scheme applied to
the solution of Egs. (1a) and (1b) results in the relations

y=Qael)y" +h,(A®1ly)g (2a)
0=a (2b)
Yyl =y +h,b" @ Iy)g (2¢)

where b, ¢ € R* and A is s X s. The sY-dimensional vectors are de-
fined as y:=(y',...,y") and g:=[g(y', 2", t"),...,8(y*, 2, t*)]
and the sZ-dimensional vectors as 2:=(z',...,2z) and a:=
[a(y',z', tY, ..., a(y*, z°, t*)], where t' :=t, + c;h,,. Finally, the
symbol ® denotes the tensor (Kronecker) product of matrices,
whereas 1 is the s-dimensional vector 1:=(1, ..., 1) and Iy is the
unit ¥ XY matrix.
Equations (1c) do not require discretization and, therefore, can
be dropped from the subsequent discussion. The values z', 72,
.., z"¥ *1 canbe computeda posteriori,using the equationsa( y" * !,
2"+, t,+1) =0, so that the solution (y"* !, z"*1) lies on the mani-
fold.

FET Methods

FET methods are based on the approximation of a weak form of
Egs. (1a-1c):

/[v-(y—g)+w-u]dt+0-C=O 3)
1

In practice, one seeks a solution that satisfies in a weak sense
Egs. (1a) and (1b) and the boundary conditions (1¢). See Refs. 2
and 6 for a unified approach to FETs and the references cited in 4
for additional background and information. Integration by parts of
the first term of Eq. (3) yields

/(v-y+v-g—w-u)dt=v-y|a,+0-C 4)
1

Under certain circumstances, weak forms (3) and (4) can be given a
variational interpretation (for example, see Ref. 2). This is also the
point of view of Ref. 3.

The approximation of Eq. (4) is developed as follows. We con-
struct finite-dimensional trial function spaces Y” and Z" as Y" :=
{(y"e[PU)]'} and Z":={z" € [P*(1,)]?}, and test function
spaces V" and W" as V" :={" €[Pk(I,)]'} and W":={w" €
[Pk (1,)]?}. P* denotes the space of the kth-order polynomials.
Within the nth time element, the finite element trial solutions are
defined as follows:

Y =y
for T =0,

ky+1

Y=Y sy,

i=1



